IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 58, NO. 6, JUNE 2010

3163

Maximally Robust 2-D Channel
Estimation for OFDM Systems
Muhammad Danish Nisar, Student Member, IEEE, Wolfgang Utschick, Senior Member, IEEE, and
Thomas Hindelang, Member, IEEE

Abstract—Two-dimensional minimum mean square error
(MMSE) channel estimation for orthogonal frequency division
multiplexing (OFDM) systems is known to perform better than
the least squares, as well as the conventional 1-D MMSE estimation, owing to its ability of exploiting both, the time and the
frequency correlations among the channel frequency response
(CFR) coefficients. Its superior performance comes however at
the price of increased requirements—the knowledge of observation noise power and that of the channel frequency, as well as
time correlation functions. In practical transmission scenarios,
where channel correlation functions are not known or cannot
be easily estimated, it is desirable to have an estimator that is
robust to mismatches between the assumed and the actual channel
correlation function. While such a robust estimator, for the case
of an infinite number of observations, is well known for various
uncertainty classes, not much attention has been paid to the
practical case of a finite number of observations. We derive in this
paper, the maximally robust (MR) 2-D channel estimator for the
case of a finite number of pilot observations under some realistic
constraints on the uncertainty class to which the 2-D channel
correlation sequence belongs. We demonstrate that the correlation
sequence associated with the MR estimator can be obtained by a
simple semi-definite optimization procedure and is interestingly
different from the well-known heuristic proposals. Simulation
results establish the superiority of the proposed MR estimator
over commonly employed heuristic robust estimator by as much
as 3 dB in terms of the worst-case estimation MSE and around
1 dB in terms of the average BER performance under different
practical transmission scenarios of interest.
Index Terms—Channel estimation, minimax optimization, orthogonal frequency division multiplexing (OFDM) systems, multicarrier systems, robust signal processing, worst-case estimation.

I. INTRODUCTION

P

ILOT-AIDED channel estimation for wireless orthogonal
frequency division multiplexing (OFDM) systems dates
back to some of the early contributions from Edfors et al. [1],
[2], where the authors proposed the use of minimum mean
square error (MMSE) filter and its low rank approximation as
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an efficient low complexity channel estimation technique. This
approach of exploiting the frequency correlations via MMSE
filtering was later extended to the 2-D estimation techniques,
whereby correlations across both frequency and time were
exploited to yield superior performances [3].
In their seminal paper [4], Li et al. made an extensive performance analysis of the 2-D MMSE channel estimation for
OFDM systems and especially studied the effect of model mismatches, i.e., imperfect knowledge of channel frequency and
time correlations—a scenario not uncommon in mobile communication environments. Their analysis for mean square error
(MSE) degradation in such cases led to the proposal of a robust
2-D MMSE channel estimator, highly insensitive to such model
mismatches.
Precisely speaking, [4] proposed the use of a time correlation function corresponding to the ideal band limited (rectangular Doppler) spectrum. However, an inherent assumption in
their analysis was the availability of an infinite number of time
observations. Obviously, the same could not hold true for the
number of observations along the frequency direction due to the
limited number of subcarriers, so only an approximate analysis
was pursued for the frequency correlation function, suggesting
finally the use of a uniform power delay profile (PDP) based
correlation function as a robust choice. The authors eventually
relaxed the assumption of an infinite number of time observations as well, and heuristically proposed to employ the truncated
sinc-based time correlation function. In a nutshell, the recommendation in [4] and [5] to use the rectangular channel correlation spectrum, along both the time and the frequency direction
for robust channel estimation performance resulted, at least for
the case of a finite number of observations, from an approximate
and heuristic analysis.
In this paper, we try to arrive at the maximally robust (MR)
MSE-based channel estimator with a finite number of pilot observations in a typical OFDM system as described in Section II.
A description of the problem under consideration follows in
Section III, where besides formulating the associated mathematical preliminaries, we intuitively present the problem as an optimization over a set of possible channel correlation sequences.
In Section IV, we characterize this set of channel correlation
sequences (the uncertainty class) in terms of practical transmission parameters and prove a property that is vital for subsequent
analysis. Finally, in Section V, unlike the approach in [4] and
[5], we pursue the minimax optimization approach and demonstrate that being constrained with a finite number of observations
along time and frequency, the sinc-based heuristic correlation
function is no longer the MR choice. This is in contrast to the
minimax optimization results for the case of an infinite number
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of observations as presented, for instance, in the comprehensive
survey papers [6], [7].
It turns out, that the minimax problem of finding the MR
channel estimator for pilot-aided OFDM systems can be reduced to a semidefinite optimization problem in terms of the
pilot grid parameters, namely the pilot spacings in time and frequency directions, and the estimation parameters, namely the
number of observations along time and frequency to be used for
estimation. We conclude the paper in Section VI with a comprehensive analysis and discussion on the performance of the proposed MR estimator against that of the heuristic estimator [4]
and the reference 2-D MMSE estimator with perfect knowledge
of the channel correlation spectrum. Note that, other than the
brief numerical example in Section IV-A and the simulation example in Section VI-B, we keep the discussion general enough
to be applicable to any orthogonal multicarrier system.
II. SYSTEM MODEL
We consider a typical OFDM system (see, for instance,
[8, Ch. 12]) where the transmission takes place over a fading
wireless multipath channel. Under the typical assumptions
of cyclic prefix (CP) being longer than the channel impulse
response (CIR) length and the channel coherence time being
sufficiently larger than the OFDM symbol duration, the effective channel matrix after CP removal at the receiver, happens to
be circulant in the time domain or equivalently diagonal in the
frequency domain. As such, there exists a scalar relationship
between the transmitted and the received frequency domain
samples—a scalar multiplication with the channel frequency
response (CFR) coefficient at each subcarrier and corruption by
the additive Gaussian noise. The system model can therefore
be simply written in the scalar form as under
(1)
where
and
denote, respectively, the transmitted and redenotes the CFR
ceived frequency domain samples, while
the Gaussian noise. Note that the subscript
coefficient and
denotes the frequency index that runs over all the subcarriers of the system and the subscript denotes the time or OFDM
symbol index. This simple frequency domain system model is
often visualized as a 2-D grid of symbols with time along horizontal and frequency along vertical direction. In order to allow
for pilot-aided channel estimation at receiver, almost all contemporary OFDM-based systems, such as WiMax [9] and 3G LTE
[10], recommend the transmission of intermittent pilot symbols
along both the time and the frequency directions. Optimal design and placement of these pilot symbols has been an active
area of research during the past decade [11], [12]. In this paper,
we consider the transmission of arbitrary pilot symbols placed at
regular intervals forming a pilot grid with a constant frequency
and
, respectively. Furthermore,
and time spacing of
for notational convenience, we focus on aligned (nonstaggered)
pilot grid that matches for instance to the LTE uplink specifi(no spacing) and
.
cations [10] by setting
It is worth mentioning here, that the assumption of nonstaggered grids is made just to simplify the presentation of the paper.
The underlying principle of transforming from the minimax to
maximin problem and then arriving at a convex optimization

problem for finding the least-favorable (LF) correlation spectra
stays essentially the same even in the case of staggered pilot
grids [13].
Two parameters of interest for subsequent discussion are the
channel’s delay and Doppler spread. The delay spread measures
the duration of the channel impulse response so that if denotes
the CIR length in seconds, the CIR length in taps can be obtained
, where
is the operator for rounding to the
as
denotes the samnearest larger integer, and
being the duration of one OFDM symbol
pling interval, with
and being the number of CP samples.
The Doppler spread, on the other hand, measures the channel
variations along time, often characterized in terms of the
Doppler power spectrum [8, Ch. 3]. An overview and some recent results on the statistical modeling of time varying channels
can be found in [14] and [15]. The highest frequency for which
the channel’s Doppler power spectrum is nonzero is labeled
. In the simple scenario, where the transmitter
here as
as well as the scattering environment is stationary, while the
receiver is moving with a velocity , the maximum Doppler
,
spread can be analytically expressed as
m/s is
where denotes the carrier frequency and
the velocity of wave propagation.
Notation: The operators
stand for expectation, absolute value square, transpose, complex
conjugate, Hermitian, and vectorization (vertically stacking the
columns of a matrix below each other), respectively. The operwith a set as its argument denotes the cardinality of
ator
positive
set. denotes the complex plane. The set of
, while
denotes the
semidefinite matrices is denoted by
set of Toeplitz positive semidefinite matrices of dimension .
III. PROBLEM FORMULATION
The problem that we address in this paper is to find a finite pilot observation-based MR 2-D MMSE channel estimator,
where robustness is desired against mismatches between the assumed and the actual channel correlation function. Since the
problem of 2-D MMSE channel estimation at data positions
from the available pilot observations decouples, in the context of
a system model like (1), to the straightforward least squares (LS)
channel estimation at pilot positions followed by a 2-D MMSE
channel interpolation to data positions, we focus only on the
second step (the MMSE interpolation) that actually requires the
knowledge of the channel correlation function. Thus, intuitively
speaking, after pursuing LS estimation of CFR coefficients at
pilot positions, we look for a 2-D linear filter that performs an
optimum weighted combination of the available pilot channel
estimates to form an estimate of the channel at the data position
of interest in presence of an uncertainty about the channel correlation function.1
As aforementioned, we restrict ourselves to the case of a finite number of observations (pilot channel estimates) to be acted
upon by the interpolation filter. The motivation comes not only
from the availability of limited pilot observations in practice,
1Although interpolation is only a special case of estimation, as we will see
in Section V, the underlying idea of this paper—finding the LF 2-D channel
correlation sequence—can also be obviously applied to the problems of finite
dimensional robust MMSE channel smoothing and channel prediction as well.
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but also from the limited computational budget of a practical
and
denote the number of pilot channel
receiver. Let
estimates, on each side of the data position of interest, to be
employed for interpolation, respectively, along the time and the
frequency directions. Thus, the relevant LS pilot channel estimates can be expressed as

leading to the minimum MSE that can be expressed (by subin (5)) as a function of the 2-D channel
stituting
correlation sequence

(7)
(2)
with being the set of frequency and time indexes of pilot positions to be employed in the interpolation at the data position
where
and
denote the
of interest, so that
total number of pilot CFRs, respectively, along the time and frequency directions falling inside the interpolation window2. To
simplify the notations we stack the relevant pilot channel estidimensional vector
mates (observations), cf. (2), into a
, i.e., we have
(3)
denotes the pilot channel estimation error
where
(observation noise) vector. Now let
denote
the vector containing the 2-D filter coefficients, so that the CFR
estimate at the desired data positions can be obtained as
(4)
The corresponding estimation error can be expressed as a function of the estimator and the 2-D channel correlation sequence
, where the scalar
represents the CFR correlation value at frequency offset and time
offset . Note that we assume the wide sense stationarity of the
throughout this paper so that the correlarandom process
tion function is independent of the indexes and . The estimation error
reads as

(5)
denotes the observation noise covariance matrix,
where
while
denotes the pilot CFR
correlation matrix and the vector
denotes the correlation vector between pilot CFRs and the
and
CFR at the current data position of interest. Both
are completely specified by the 2-D channel correlation
for frequency offsets
sequence
with
and time offsets
with
. Finally, minimization of the MSE in (5) w.r.t.
the filter coefficients yields the well-known MMSE solution
(6)

K

N

K

K

2Given the definition of
above,
is 2
+ 1 or 2
depending upon
whether the current CFR to be estimated lies in the OFDM symbol containing
pilots or not.
follows similarly.

N

Now a conceptual version of the problem at hand is as follows. Lacking perfect knowledge of the 2-D channel correlation
, we would like to design the MR filter
sequence
that leads to the minimum MSE in the worst case scenario
(worst-possible mismatch between the assumed and actual correlation sequence). To this end, we aim to minimize (via MMSE
filter) the maximum MSE (because of the worst-possible mismatch). We show in Section V that this minimax optimization
problem can be recasted into an equivalent maximin problem,
whereby we try to maximize the minimum MSE (attained by
the MMSE filter) through the selection of the worst-possible
mismatch. This in fact corresponds to the problem of finding
the LF 2-D correlation sequence and then determining the
corresponding 2-D MMSE filter coefficients.
Note that, given no other constraints, finding the LF 2-D
correlation sequence is rather trivial, since zero correlation
among the neighboring CFR coefficients, i.e.,
for
, is indeed the LF scenario and leads to the
maximum MSE. But as discussed in the next section, such a
correlation sequence may not be a valid correlation sequence
for the transmission scenarios of interest.
IV. CHARACTERIZING THE UNCERTAINTY CLASS OF
CORRELATION SPECTRUM
In this section, we show that the underlying phenomena for
CFR variations along frequency and time directions limit the set
of correlation sequences in such a way that they have a bandlimited spectrum for both, the correlation along time as well as the
correlation along frequency direction. This provides us with a
natural way of characterizing the uncertainty class—the set to
which the unknown correlation sequence belongs.
A. Bandlimitedness of Correlation Spectrum
1) Correlation Along Time: Since Doppler spread underlies
the evolution of the CFR coefficients along time from one block
to another, the spectrum of channel temporal correlation function is bandlimited by the transmission’s highest Doppler spread
. If
denotes the time separation between consecutive
, then the normalized maxtransmission blocks and
imum angular frequency component in the spectrum of the time
correlation function can be given as
(8)
so that as long as
is less than
—its highest value
under the Nyquist theorem—the spectrum of the time correla.
tion function is bandlimited to
2) Correlation Along Frequency: Under the Wiener
Khinchin theorem [16, pp. 406–409], the channel frequency
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correlation spectrum can be obtained by averaging the magnitude squared Fourier transform of different CFR realizations.
To this end, we note that the channel frequency correlation
spectrum is one sided, has a shape that corresponds to the
channel power delay profile, and its bandwidth therefore has
a direct relationship with the CIR length. Thus, the spectrum
of the frequency correlation function is bandlimited by the
normalized angular frequency3
(9)
Practical Example. In order to have a numerical idea, we
see that for LTE Uplink specifications [10] (
2.6 GHz,
14 Hz), we have a bandlimited time correlation spectrum
(assuming a stationary environment) as long as the terminal
808 /s. Similarly the frequency
velocity
30.72 Hz and
in the
correlation spectrum (for
LTE Uplink 20 MHz scenario) is bandlimited as long as the
33 s.
channel’s maximum delay spread
Thus, for practical scenarios with velocities less than 100 m/s
and delay spread less than 10 s, the channel correlation function can safely be assumed to have a bandlimited spectrum in
both directions. In the sequel, we assume a knowledge of
and
, or at least their upper bounds for the transmission
scenarios of interest, thereby limiting our uncertainty about the
unknown channel correlation spectrum.
B. Convexity and Compactness of Uncertainty Class
Given the bandlimitedness of a realistic correlation spectrum
(as described earlier), we characterize the uncertainty class
as the set of all valid 2-D channel correlation sequences with
and
on their
known bandwidth restrictions of
spectrum in the time and frequency directions, respectively, and
norm.4 Put mathematically
furthermore having a bounded

for
and
(10)

proposed in [17] may be used for computing such a bandlimited
extrapolation, in practice it is not needed anywhere to solve the
optimization problem presented in Section V. We now state a
proposition about the uncertainty class defined above.
Proposition 1: The uncertainty class
of all valid 2-D
channel correlation sequences with a bounded L norm and
bandwidth restrictions of
and
on their spectrum
in the time and frequency directions, respectively, as stipulated
in (10) forms a convex and compact set.
Proof: To prove convexity, let us consider two member
and
of
sequences
the uncertainty class
. With some abuse of notation,
can be extheir convex combination for any
pressed as
and can easily be seen to satisfy the L
norm constraint, i.e.,
. Moreover the convex
combination of the PSD extensions of the class members
and
also happens to be
and
a valid PSD extension of the sequence
as such the bandwidth restrictions are satisfied as well. Thus,
is proven to be convex.
the uncertainty class
To prove compactness, we need to prove that the set is closed
and bounded [18, Sec. 2.2]. A set is bounded if some distance
metric between its members is bounded i.e., it can be contained
in a ball of sufficiently large radius. This can be seen to hold
from the definition of the uncertainty class in (10) because of
and
the constraints
(which follows from the PSD property). The closedness of the
set can be observed from the fact that the set includes all its
in
boundary points. Thus, we see that the uncertainty class
(10) constitutes a convex and compact set.

V. MINIMAX OPTIMIZATION FORMULATION
Following the line of discussion at the end of Section III, we
note that the problem of finding the MR 2-D estimator can be
expressed as a maximization followed by a minimization operation. We first maximize the MSE in (5) over the set of all valid
2-D channel correlation sequences to arrive at the worst case
scenario and then minimize the resultant MSE via MMSE optimization for the filter, i.e.

where

denotes 2-D Fourier transformation, while
represents a bandlimited positive semidefinite (PSD)5
extrapolation. Such an extrapolation is necessary in the definition of the uncertainty class, because otherwise the Fourier
transform of a finite dimensional sequence cannot lead to a
bandlimited spectrum. We mention that, although a method
3Alternatively, the relationship follows from (8) by exploiting the channel
duality concepts of Doppler spread and coherence time versus delay spread and
coherence bandwidth (see, for instance, [8]).
4L norm of a positive valued continuous function is defined to be the
area under its curve, which is equal to r (0; 0) in the context of correlation
spectrum.
5A complex valued conjugate symmetric sequence fx(n)g is said to be PSD,
a(m)x(m 0 n)a (n)  0 for all complex valued sequences
if
a(n) or equivalently if the sequence x(n) has a real-valued nonnegative Fourier
spectrum.

(11)
refers to the uncertainty class defined in (10) for the
where
2-D channel correlation sequences. We now use the following
theorem from [19] on the equivalence of finite dimensional minimax and maximin problems under consideration. For more insight into this theorem we refer the reader to [20, Sec. 2.4.1.2],
while for a historical perspective n minimax theorems [21, Ch.
1 by S. Simons] is highly recommended.
Theorem 2: Given the estimation problem of a zero mean
parameter from observation , with unknown covariance matrix
uncertainty class

belonging to a convex and compact
, and given that the estimator is linear, viz.
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, the solution of the

i.e., the solutions, the LF covariance matrix
and the
form a saddle point.
corresponding MMSE estimator
Adapted to our scenario, the parameter to be estimated is the
, while
forms the observation vector. The
data CFR
covariance matrix
is completely characterized by the corre. Thus, the condition of conlation sequence
in our scenario translates into the
vexity and compactness of
which
convexity and compactness of the uncertainty class
holds already from Proposition 1. Consequently, the original
minimax problem in (11) can be reformulated into the equivalent maximin problem
(12)
In essence, the problem of finding the MR estimator is now
casted into the one of finding the LF 2-D correlation sequence.
Note that the inner minimization problem in (12) is nothing else
than the conventional MMSE optimization problem discussed
already in Section III, leading to the following residual problem
[cf. (6) and (7)]
(13)
Thus, we arrived from a minimax optimization problem down
to a pure (still nonconvex) maximization problem. We note that,
given the objective function in (13) is monotonically increasing
, the maximization is reached once the L norm
in
bound in (10) is fulfilled with equality, i.e.,
. Thus,
instead of maximizing the complete objective function, we may
just minimize the subtracter under the additional equality
, so that the problem in (13) reduces to
constraint

Thus we get rid of the matrix inverse in the original problem
formulation. Next comes the crucial step of decomposing the
constraint into individual analytical constraints. To this end,
being a 2-D auto• we note that the sequence
correlation sequence must satisfy the positive semidefiniteness properties. Furthermore,
, i.e., the time correlation function,
• the sequence
besides being positive semidefinite must be bandlimited
for reasons outlined in
to the interval
Section IV-A–1.
• Similarly, the frequency correlation function
should have a real valued positive spectrum that is one
. See
sided and bandlimited to the interval
Section IV-A–2 for a discussion.
The positive semidefiniteness of the finite dimensional correlation sequence can be ensured by a simple positive semidefinite
constraint on the appropriately defined correlation matrix
containing all frequency and time offsets up to
and , respectively.
Constraining the finite support time and frequency autocorrelation functions to be bandlimited besides being positive
semidefinite is, however, nontrivial and we use the following
theorem from [23] on the existence and uniqueness of bandlimited positive semidefinite extensions of partially known positive
semidefinite sequences.
Theorem 3: A positive semidefinite sequence
for
of length
has a positive semidefinite
, if and only if the sequence
extension bandlimited to

evaluated at
forms a
positive
semidefinite Toeplitz matrix.
To impose the respective bandwidth constraints, this theorem
can be applied separately to the time and frequency autocorrelation sequences. For the time correlation sequence, we need
to ensure the existence of a positive semidefinite extrapola, which means that the
tion bandlimited to
sequence

(14)
which can be transformed via the epigraph notation [22, Sec.
3.1.7] into

(17)

(15)

leads to a positive semidefinite
for
Toeplitz matrix
. Similarly, for the
,
frequency correlation sequence to be bandlimited to
the sequence

and now by employing the Schur complement positive semidefiniteness theorem,6 the optimization problem reads as

(18)

(16)

M = AA AA , and the Schur complement of A as
S = A 0 A A A , we have M  0 if and only if A  0 and
S  0. See, for instance, [20, Thm A.2].
6Given

a matrix

must result in a positive semideffor
.
inite Toeplitz matrix
Finally, given the three positive semidefiniteness constraints
to characterize the uncertainty class, the
on
desired overall optimization problem from (16) can now be
posed as
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(19)
Thus, we arrive at a convex minimization problem with a linear
cost function, an equality constraint, and some positive semidefiniteness constraints. As such, the problem can be solved via
any semidefinite problem solver like SeDuMi [24]. The solution of this problem yields the LF 2-D CFR correlation sequence
with bandwidth constraints of
and
on
its (positive semidefinite extrapolation’s) spectrum in the frequency and time direction, respectively. This LF correlation sequence can now be used for the computation of the MR 2-D
MMSE estimation filter coefficients, i.e.
(20)
and
as defined in Section III. The superscript
indicates that they are constructed from the optimized LF
. Some remarks about the result
correlation sequence
follow.
Remark 1: An analysis of the MSE degradation owing to the
correlation model mismatches pursued in [4] and [5] led to the
proposal of a sinc correlation-based robust estimator. But the
entire analysis was conditioned on the availability of an infinite
number of observations. In this work, the analysis for the considered scenario of a limited number of pilot observations along
time and frequency directions and bounded L norm demonstrates that the sinc-based heuristic estimator is no longer the
MR estimator.
Remark 2: Unlike the heuristic estimator for a finite number
of observations [4], the MR estimator proposed in this work is
based on the LF 2-D correlation sequence, that unfortunately
can not be expressed explicitly rather it results from the solution
of the semidefinite optimization problem in (19).
Remark 3: For the case of white Gaussian noise with
, the solution of the optimization problem in (19)
can easily be shown to be independent of the individual values
or , but depend only on their ratio
which equals
and can be seen (cf. (2)) as the operational
signal-to-noise ratio (SNR).
Remark 4: The computationally expensive optimization procedure in (19) needs to be carried out offline only once for a
given set of pilot grid and estimation parameters, so that the associated computational effort is not considered to be a problem
for the real time estimation procedure itself. Precisely speaking,
the solution—the LF correlation sequence—depends only on
and
, the number of pilot observations
the pilot spacings
and
, and the operational SNR. Thus, the 2-D LF correlation sequence or even the corresponding robust estimator
coefficients can easily be precomputed offline for a particular
system at quantized values of SNR and at upper bounds on the
channel’s delay and Doppler spread. As such, the online estimation complexity remains identical to that of any other 2-D
MMSE estimator.
with

Remark 5: It can be demonstrated, that the 2-D correlation
sequence corresponding to a rectangular spectrum results as
the solution of a minimax optimization problem over finite
observations, but with bounded L norm instead of L norm.
However, in practice it might be hard to estimate a bound
on spectrum’s L norm. Moreover, given such a bound, the
hypothesis of a rectangular spectrum would obviously lead
to a rather loose upper bound of the corresponding L norm
norm), thus overestimating the actually
(
encountered L norm of most channels and resulting in a
significantly more conservative MSE performance.
Remark 6: The derivations in current work, are based on the
assumption of a rectangular aligned pilot grid with fixed pilot
spacings along frequency and time direction. The results therefore can not be directly applied to the more general pilot grid
structures. In the conference version of the work, we address
some aspects of practical importance: handling the pilot grid
edge effects in [25] and the case of staggered (skewed) pilot
grids in [13].
Remark 7: The proposed MR estimator promises the best
worst case MSE performance which in practical systems often
dominates the average bit error rate (BER) performance. Thus,
we conjecture that the proposed MR estimator, besides its best
worst case MSE performance, offers a superior average BER
performance as compared to the heuristic estimators. This is indeed confirmed by the BER simulation results in Section VI-B.
VI. SIMULATION RESULTS AND FURTHER INSIGHTS
In this section, we present a comparison of the proposed estimator against one of the most commonly employed heuristic
robust estimator based on the rectangular correlation spectrum.
The performance comparison is presented in terms of the worst
case estimation MSE in Section VI-A—which has been our optimization criteria in this paper—and also in terms of the average BER performance in Section VI-B—which is of prime
interest in many practical communication systems. Finally in
Section VI-C, an interesting link between the two estimators is
established.
We consider an OFDM system with the total number of suband a regular rectangular pilot grid, as
carriers being
described in Section II, with pilot spacing along time
and along frequency
. Among the estimation parameters
and
as the number of pilot observations
we set
available on either side along frequency and time axis, respec, while the
tively. The channel’s L norm is bounded by
observation noise power is fixed at
or
.
ratios correspond to operating SNR points of 30 dB
These
and 10 dB, respectively.
For the sake of clarity, we reiterate that in all subsequent discussions, the Heuristic Robust (HR) estimator refers to a 2-D
MMSE estimator based on a rectangular Doppler spectrum and
uniform power delay profile as proposed in [4], while the proposed Maximally Robust (MR) estimator is based on the LF 2-D
correlation sequence obtained as a result of the finite observation
based minimax optimization in Section V. The online estimation
process itself is completely identical in both cases and has the
same computational effort as that of any other 2-D MMSE estimator. As a reference, we also consider the optimal 2-D MMSE
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filter based on the perfect knowledge of the channel correlation
spectrum. It determines basically the lower bound on the performance achieved by any robust filter.
A. Worst Case Estimation MSE Performance Analysis
A comparison of the two robust estimators in terms of their
worst case estimation MSE is pursued here via Monte Carlo
simulations, i.e., we investigate the guaranteed maximum MSE
that they offer in the case of worst possible mismatch between
the assumed and the actual channel correlation spectrum. To this
end, we maximize (via Monte Carlo simulations) the MSE of the
estimators over different randomly generated correlation spectra
with bounded energy and being bandlimited in accordance with
the uncertainty class (10). Thus, we obtain

with
and
representing the fixed 2-D MMSE estimator
based on the proposed LF and the heuristic rectangular correlation spectrum, respectively.
Fig. 1 shows the worst case estimation MSE, as described
above, for both heuristic and proposed MR estimator as a function of the increasing bandwidths of the time and frequency
correlation spectra. Note that increasing the bandwidths of
the time and frequency correlation spectrum corresponds to
increasing the relative terminal velocity and channel impulse
response length as described by (8) and (9), respectively. Also
shown is the performance of the reference MMSE estimator
with perfect knowledge of the channel correlation function.
It can readily be seen that the proposed MR estimator, as expected, leads to a smaller worst case MSE as compared to the
heuristic estimator in the various scenarios considered. Thus,
in terms of their worst case estimation MSE, the MR estimator
achieves gains of as much as 1–2 dB over the performance of
heuristic estimator. Moreover, as the bandwidths of time and
frequency correlation spectra increase, the gains easily approach
3–4 dB.
Fig. 2 shows similar worst case MSE performance of the two
. Again,
robust estimators at a higher noise level of
we note a similar trend in all the scenarios; the performance of
the MR estimator is superior by at least 1 dB as compared to
that of the heuristic estimator.
B. BER Performance Analysis
The result in Section VI.A that the proposed MR estimator
offers a superior worst case performance as compared to the
heuristic estimator is somewhat expected. The MR estimator in
fact promises the best worst case MSE performance than any
other heuristic choice for the given uncertainty class. More interestingly, in this subsection we explore the performance of the
two estimators in terms of the coded BER over certain practical
transmission channels. To this end, we consider the LTE uplink
system and choose the 20 MHz band for various relevant parameters such as symbol duration and cyclic prefix length [10].
and
The LTE uplink pilot grid can be described by
. We choose
and
to determine the

= 10

Fig. 1. Worst case channel estimation MSE (at 
) of the heuristic
and the proposed maximally robust estimator along with that of the reference
estimator having perfect knowledge of channel correlation function. The three
subplots show the performance at different frequency correlation spectra band, whereas the time correlation spectra bandwidths !
run
widths !
along the horizontal axis. Under, for instance LTE uplink parameters, the values
of !
and !
correspond, respectively, to CIR lengths of 150, 300,
and 600 taps, and terminal velocities of 30 to 240 kmph. Gains of 1–4 dB are
achieved by the MR estimator over the HR estimator.

interpolation window7 and employ the standard frequency domain MMSE equalizer and a rate 1/3 turbo code from the LTE
specifications to show the overall system performance for both
the estimators. Thus, the difference only comes from the choice
of the fixed channel correlation sequence employed by the two
MMSE channel estimators.
We note that the degree of mismatch between the actual simulated correlation spectrum and the one assumed by the estimator
has direct impact on the final BER performance. Thus, we study
the BER performance of the estimators under different correlation spectra simulated by having different channel Power Delay
Profiles (PDP) and Doppler Spectra (DS). Specifically, for the
channel frequency correlation spectra we use the standard Vehicular-A (Veh-A) and Typical Urban (TU) power delay profiles [26], while for the time correlation spectra we use the well
known Jakes DS [27] and a Bandpass DS with evenly distributed
power at the extreme 10% Doppler frequencies.
Fig. 3 shows the comparison under two different transmission
scenarios. For QPSK modulation at a speed of 120 kmph with
Bandpass DS and Veh-A PDP, we observe a gain of 1.05 dB at
the coded BER of 10 by employing the MR channel estimator
instead of the heuristic estimator. Similarly for 16-QAM modulation scheme at 60 kmph with TU PDP and the standard Jakes
DS, a gain of 0.9 dB is achieved at the coded BER of 10 by

=1

7The choice K
gets its motivation from the proposed slot-based frequency hopping in LTE uplink specifications [10], which means that a choice
of K > is not feasible.

1
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= 10

Fig. 2. Worst case channel estimation MSE (at 
) of the heuristic
and proposed estimator. Please refer to the caption of Fig. 1 for further details.
Gains of around 1 dB are achieved by the MR estimator.

the MR estimator. Thus, we note that, as remarked at the end of
Section V, guarding against the worst case MSE performance
turns out to be a good choice even with regard to the averaged
BER performance.
It may be pointed out here that the BER performance comparison, as above, naturally depends on the underlying simulation channel model. For instance, a channel model with uniform
power delay profile and a rectangular (or a Jakes) Doppler spectrum is favorable for the rectangular spectrum-based heuristic
estimator, since no (or only a slight) model mismatch occurs.
On the other hand, the use of a negative exponential or a some
other nonuniform power delay profile combined with a nonuniform Doppler spectrum is not as much favorable for the heuristic
estimator. Nevertheless, in practical transmission scenarios with
rapid unpredictable channel variations, the proposed robust estimator is poised to outperform the heuristic one, because of its
better guaranteed worst case performance.
C. Convergence of Estimators at an Infinite
Number of Observations
In this section, we present an additional result that gives further insight into the characteristics of the MR 2-D MMSE estimator presented in this paper and relates it to the previously
proposed heuristic robust estimator [4]. To this end, we show in
Fig. 4 the effect of increasing the number of observations along
time direction to be used for CFR estimation at the data position of interest while keeping other parameters fixed at
and
. Thus, we try to approach the assumption
and observe
of infinite number of time observations
the impact on the resulting LF time correlation spectrum.

Fig. 3. Performance comparison of heuristic and MR estimators against the
performance with ideal channel estimation in terms of coded BER for different
transmission scenarios. A gain of around 1 dB is achieved by the MR estimator
over the heuristic one in both scenarios, which speaks of the advantage of the
worst case design approach (cf. Remark 7).

Note that given a finite number of time observations, the
optimization problem (19) only identifies some of the initial values of the time autocorrelation function, viz. offsets
. Nevertheless, the optimization setup
(Theorem 3) ensures that this sequence has a positive semidef. In order to
inite extension bandlimited to
arrive at this extrapolation, we use the Levinson’s Algorithm
[28] based method outlined in [17].8 Once an extrapolation
up to a sufficiently large time offset is obtained, we take the
Fourier transform to view the spectrum of the LF time correlation function.
8Although the original random process is obviously regular, for purposes of
analysis the underlying random process of the outcoming autocorrelation function w.r.t. the optimization problem (19) can be interpreted as a deterministic
process which is a key assumption for applying the proposed extrapolation
technique.
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of LF time correlation sequence whereas the dashed lines plot the rectangular
(heuristic) time correlation spectrum for reference. The vertical axis displays
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